Using the eigenmodes of the overlap-Dirac operator, we study the topological structure of the QCD vacuum. We investigate the space-time profile of the low-lying eigenmodes and their contribution to the vacuum action density and chiral condensate under the existence of static color sources. We demonstrate that the low-lying Dirac eigenmode shows the flux-tube structure, which suggests the relevance to confinement. We also analyze the chiral condensate in the flux-tube. Chiral symmetry is partially restored inside the flux, and the reduction of the condensate is about 20% at the center of the tube.
Introduction
The QCD vacuum has interesting topological objects known as instantons/anti-instantons, which are (anti-)self-dual field configurations, and characterized by the topological charge. Instantons are expected to contribute to chiral symmetry breaking, and there are many studies using the instanton-based models [1] . The vacuum structure is modified by the existence color sources. For instance, our typical understanding is that a flux-tube is formed between quark and antiquark, which is observed by the spatial distribution of action/energy density using lattice QCD [2, 3, 4, 5] . This tube structure leads to the linear potential and confinement. Thus, the vacuum structure itself is an interesting subject for the dynamics of QCD.
The Dirac eigenmodes reflect non-perturbative properties of QCD. For example, chiral symmetry breaking occurs due to an accumulation of near-zero Dirac eigenmodes [6] , and the number of zero-modes is related to the topological charge of the background gauge fields [7] . In lattice QCD, the overlap-Dirac operator is a useful formulation to study the Dirac eigenmodes and vacuum structures, since it keeps the exact chiral symmetry on lattice [8] , and gives a proper definition of the topological properties. The definition of the massless overlap-Dirac operator is given by
) and a sign function [9] . In this paper, we study the space-time profile of the low-lying overlap-Dirac eigenmodes using the eigenmode decomposition of a field strength tensor F µν [10, 11] . In order to discuss the effect of valence quarks, we also investigate a spatial distribution of the action density and chiral condensate around the static color sources.
Duality of the low-lying overlap-Dirac eigenmodes
First, we introduce the Dirac eigenmode decomposition of the field-strength tensor F µν , which is proposed by Gattringer in Ref. [10] . Let us consider a square of the Dirac operator
By multiplying γ µ γ ν and taking a trace with respect to the Dirac indices and by expanding in terms of the Dirac eigenmodes ψ λ , that satisfy / Dψ λ = λ ψ λ , the field-strength tensor is expressed in terms of the Dirac operator as
with the field-strength tensor components
In this paper, we use the eigenmodes of the overlap-Dirac operator on 2+1-flavor dynamical overlap-fermion configurations produced by the JLQCD Collaboration [12] . The lattice is of 16 3 
48 at β = 2.3, which corresponds to a −1 = 1.759(10) GeV. The quark masses are m ud = 0.015 and m s = 0.080, and the topological charge is fixed at Q = 0. Figure 1 shows a snapshot of the lowest (non-zero) eigenmode of the field strength tensor
λ on a slice of four-dimensional lattice volume. As shown in these figures, f a 12 (x) λ has a negative peak, while f a 34 (x) λ shows a positive peak at the same location with almost the same magnitude, which means that the existence of anti-self-dual lump. Note that f µν (x) λ has several (anti-)self-dual peaks in four-dimensional space-time, and Fig. 1 shows one of the peaks.
We can also construct the action density and the topological charge density in terms of the Dirac eigenmodes [10] . Using the field strength tensor f µν (x) λ , the low-mode truncated action density ρ (N) and the topological charge density q (N) are given by 4) with N the number of the eigenmodes, respectively. Figure 2 shows the lowest (non-zero) eigenmode component of the action density and the topological charge density on the same plane in Fig. 1 . These figures show the existence of an antiinstanton. We also checked that other low-lying eigenmodes show (anti-)self-dual peaks similar to those shown in Figs. 1 and 2. 
Flux-tube formation by the low-lying Dirac eigenmodes
Next, we discuss a distribution of the action density under the existence of static color sources. In particular, we consider a spatial distribution around the Wilson loop. Since chiral symmetry breaking originates from the accumulation of the near-zero eigenmodes [6] , it is interesting to investigate their role in the confining force among color sources, which may give some insight to the relation between chiral symmetry breaking and confinement [13] .
We look at a spatial distribution of the action density ρ(x) around the Wilson loop W (R, T ) as where R × T is the size of the Wilson loop [2, 3, 4, 5] . Figure 3 shows a schematic picture of the measurement on the lattice. Here, the origin of a coordinate is the center of the Wilson loop W (R, T ), and quark and antiquark are located at (R/2, 0) and (−R/2, 0). We use the low-mode truncated action density ρ (N) (x) as ρ(x) in Eq. (3.1). Figure 4 (a) shows ρ(x)
W with a quark separation R = 8. In order to improve the signal, we adopt the APE smearing for the spatial link-variables. We measure the Wilson loop with T = 4, where the ground state becomes dominant, and the number of configurations is 50. We truncate the sum at N = 100, which corresponds to λ 300 MeV. As shown in Fig. 4 (a) , we observe a tube-like structure, which indeed stretches towards the X -direction as R increases. We note that the number of eigenmodes is only 100 out of 16 3 × 48 × 3 × 4 = 2, 359, 296 modes. This figure indicates that these low-lying modes reflect the confining nature of the QCD vacuum. Figure 4 (b) is the cross-section of the tube in the center of the Wilson loop. We estimate a thickness of the flux-tube by fitting with a gaussian form e −Y 2 /σ 2 , which describes our data very well. A typical value of the thickness is about 0.6 fm, which is consistent with the value of the previous lattice QCD studies [2, 3, 4, 5] .
Partial restoration of chiral symmetry inside the flux-tube
Next, we analyze a change of the chiral condensate around the static color sources. Using the overlap-Dirac eigenfunction ψ λ (x), a local chiral condensate is defined as
where λ denotes eigenvalues of the massless overlap-Dirac operator in Eq. (1.1), and m q a quark mass. The chiral condensateis given by an expectation value ofqq(x). We measure the local chiral condensateqq(x) around the static color sources as W with a number of eigenmodes N = 100, and the quark mass m q = 0.015. The configuration of the Wilson loop is the same as that in Fig. 4 . We note that the change of the local chiral condensate becomes positive between the color sources. It suggests that the magnitude of chiral condensate is reduced, since the chiral condensate has a negative expectation value in the vacuum.
In order to discuss a quantitative change of the chiral condensate, we need to renormalize the divergent operatorqq. Here, we use the mode truncation as a regularization method [14] . Due to the exact chiral symmetry of the overlap-Dirac operator, the power divergence is parameterized as
where(subt) is the subtracted condensate, which is finite up to logarithmic divergence [14] . For a ratio 
Summary and Discussion
In this work, we study the non-trivial vacuum structure of QCD in terms of the overlap-Dirac eigenmodes. We demonstrate that the low-lying overlap-Dirac eigenmodes show instanton-like structure using the eigenmodes decomposition of the field strength tensor F µν (x).
We also have analyzed a spatial distribution of the action density around the Wilson loop, and discussed the flux-tube formation as seen by the Dirac eigenmodes. We have shown that the low-lying modes indeed form the tube structure between the color sources. This result does not necessarily mean that the low-lying eigenmodes are essential degrees of freedom for both confinement and chiral symmetry breaking. In fact, it is reported that confinement still remains even without low-lying eigenmodes [13, 15] . These results may suggest that there is no specific momentum scales for confinement when we observe through the Dirac eigenmodes [13] . Further studies are needed for understanding of the relation between confinement and chiral symmetry breaking.
Finally, we have investigated the local chiral condensate around the Wilson loop. We have shown that the magnitude of the condensate is reduced inside the flux. It suggests that chiral symmetry is partially restored between the static color sources, which may be interpreted as a bagmodel-like state. Similar results are also shown by measuring the chiral condensate around the Polyakov loop in lattice QCD [16] , and estimating the flux-tube effect from Nambu-Jona-Lasinio model [17] . It is also interesting to study the color charge effects on various kinds of operators, such as the quark number density and the topological charge.
